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In this work we will explore the properties of superconducting surfaces decorated by two-
dimensional ferromagnetic adatom lattices. As discovered recently [Röntynen and Ojanen, Phys.
Rev. Lett. 114, 236803 (2015)], in the presence of a Rashba spin-orbit coupling these systems may
support topological superconductivity with complex phase diagrams and high Chern numbers. We
show how the long-range hopping nature of the effective low-energy theory generically gives rise to
a phase diagram covered by a Chern mosaic – a rich pattern of topological phases with large Chern
numbers. We study different lattice geometries and the dependence of energy gaps and abundance
of different phases as a function of system parameters. Our findings establish the studied system as
one of the richests platforms for topological matter known to date.
PACS numbers: 73.63.Nm,74.50.+r,74.78.Na,74.78.Fk
I. INTRODUCTION
The search for novel solid-state phases is advancing on
various fronts. It has recently become clear that viable
paths to novel topological states of matter1 increasingly
employ engineering suitable conditions and hybrid struc-
tures instead of simply relying on cataloguing material
properties. While finding materials that exhibit intrin-
sic topological superconductivity is in principle possible,
it could be more convenient to combine established ma-
terials, structures and techniques to achieve the desired
outcome.
The experimental observation of signatures of Majo-
rana bound states in a ferromagnetic chain of iron atoms
deposited on a superconducting surface represents the
latest promising development in the pursuit for topolog-
ical superconductivity.2 The recent experiment is an im-
portant addition to the previous successes3,4 in nanowire
hybrid structures which display intriguing signatures of
topological superconductivity. These efforts can be re-
garded as a testament to the power of artificially engi-
neering novel quantum states of matter. Ideally these
developments will lead, among other things, to the real-
ization of non-abelian quasiparticles with applications in
quantum information.7
An interplay of magnetic adatoms and superconduc-
tivity offers interesting possibilities in engineering topo-
logical superconductors starting from a trivial state.8–12
Magnetic atoms in an s-wave superconductor give rise to
bound states inside the superconducting gap.13–17 In a
regular lattice of magnetic atoms deposited sufficiently
close to each other the bound states of nearby atoms
hybrize and form subgap energy bands.18–27 Recent the-
oretical studies have revealed in detail how the 1d mag-
netic atom chain may give rise to topological supercon-
ductivity as in Kitaev’s p-wave chain.28 The topological
properties of the chain depend on the magnetic texture of
the lattice, the distance of the atoms, the spin-orbit cou-
pling in the superconducting surface, the strength of the
magnetic moments and a number of other microscopic
details.20,22,27,29–31 These parameters lead to rich varia-
Figure 1. (a) Studied system consists of a lattice of magnetic
atoms on a superconducting film. The area covered by mag-
netic atoms supports topological superconductivity enclosed
by circulating edge modes. (b) Chern mosaic- a topological
phase diagram of the studied system as a function of on-site
bound-state energy ε0 and the effective hybridization parame-
ter kF a. Different colours correspond to different Chern num-
bers.
tion of possible topological states in the chain.
Motivated by the recent experimental
developments,2,32 it was discovered that 2d arrays of
magnetic adatoms on an s-wave superconductor realizes
topologically nontrivial chiral superconductivity.33–35
These systems are illustrated in Fig. 1 (a). In the
case of a dilute adatom lattice these systems have
striking properties such as topological phases with large
Chern numbers of the order of ξ/a, where ξ is the
superconducting coherence length and a is the adatom
lattice constant.33 The topological phase diagram can,
for example, look like the one depicted in Fig. 1 (b)
as a function of on-site bound state energy ε0 and the
effective hopping parameter kFa, where kF denotes the
Fermi wavenumber of the underlying superconductor.
Since the fraction may realistically take values of the
order of ξ/a ∼ 1−100, it is clear that the system exhibits
one of the most complicated phase diagrams of any phys-
ically motivated system.33 The different states labelled
with Chern number C are topologically equivalent to
chiral superconductors with (px ± ipy)|C| pairing, where
the sign (chirality) is determined by the sign of C. In
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2superconducting systems, the Chern number determines
the number of chiral Majorana edge modes that support
quantized heat conductance in the system. Thus high
Chern numbers are preferable in achieving more efficient
edge channel transport. Signatures of these edge modes
could be observed by Scanning Tunneling Microsopy
(STM) in a similar fashion to how Majorana bound
states are probed in 1d chains.33
In this work, we will build on the previous discovery of
topological superconductivity in a ferromagnetic square
lattice33 and study the complex competition of different
topological phases in more detail. Topological properties
in different lattice geometries generically exhibit a similar
fascinating structure which we will call a Chern mosaic.
The complexity of the phase diagrams is well-hidden in
the analytical form of the effective low-energy theory and
is revealed only by numerical evaluation of topological
invariants and energy gaps. In Sec. II we will introduce
the studied model and derive an effective tight-binding
Hamiltonian describing arbitrary collections of magnetic
moments on a 2d superconductor with a Rashba cou-
pling. Then we will focus on ferromagnetic textures, de-
rive momentum space Bogoliubov-de Gennes Hamiltoni-
ans for rectangular, triangular and honeycomb lattices,
and give the corresponding expressions for their Chern
numbers. Topological phase diagrams for various lat-
tices are presented in Sec. III, and in Sec. IV we examine
the Chern mosaic properties as a function of system pa-
rameters. In Sec. V we will discuss and summarize our
findings.
II. THEORETICAL FORMULATION
A. Effective low-energy model
In this section, we will formulate the theory describ-
ing the systems in Fig. 1 and introduce theoretical tools
and concepts that will be employed in the paper. The
bulk electrons in a 2d superconductor are described by a
Bogoliubov-de Gennes Hamiltonian
H(bulk)k = τz
[
ξkσ0 + αR(kyσx − kxσy)
]
+ ∆τxσ0,
in the Nambu basis (Ψˆ↑, Ψˆ↓, Ψˆ
†
↓,−Ψˆ†↑). Here ξk = ~
2k2
2m −
µ with the Fermi energy µ, αR is the Rashba spin-orbit
coupling (SOC) strength and ∆ is the superconducting
pairing amplitude. The two set of Pauli matrices τi and
σi operate in the particle-hole and spin space and σ0
denotes 2×2 unit matrix. The electrons interact with the
magnetic adatoms by an exchange interaction of strength
J :
H(imp)(r) = −J
∑
n
Sn · σ δ(r− rn),
where rn are the positions of the atoms and Sn the corre-
sponding spins. The total Hamiltonian is a combination
of the two terms, H = H(bulk) +H(imp).
It has been known since the work of Yu, Shiba and
Rusinov13–15 that a single magnetic impurity binds one
fermionic state within the superconducting gap. To sim-
plify the theoretical description, we will consider the limit
of deep impurities, |1−α|  1, where α = piJSN is a di-
mensionless impurity strength andN is the spin-averaged
density of states at the Fermi level. Physically this as-
sumption means that the energy of an isolated impurity
state ε0 = ∆(1 − α) lies close to the center of the su-
perconducting gap. We also assume that the impurity
separation a is large enough, kFa  1, for the impu-
rity band to be well within the superconducting gap. In
the deep-dilute limit, the standard steps11,12,18,33 yield
an effective low-energy tight-binding Hamiltonian33
Hmn =
(
hmn ∆mn
(∆mn)
† −h∗mn
)
, (1)
where we have projected to the electron- and holelike
components of the subgap Shiba states. The effective
Hamiltonian (1) has a Bogoliubov-de Gennes block struc-
ture of N×N blocks, where N is the number of magnetic
atoms. The blocks are given by
hmn =

ε0 m = n
∆
2
[
I−1 (rmn) + I
+
1 (rmn)
]〈↑m | ↑n〉+ i∆
2
[
I−3 (rmn)− I+3 (rmn)
][〈↑m |σx| ↑n〉ymn
rmn
− 〈↑m |σy| ↑n〉xmn
rmn
]
m 6= n
∆mn =

0 m = n
−∆
2
[
I−2 (rmn) + I
+
2 (rmn)
]〈↑m | ↓n〉 − i∆
2
[
I−4 (rmn)− I+4 (rmn)
][〈↑m |σx| ↓n〉ymn
rmn
− 〈↑m |σy| ↓n〉xmn
rmn
]
m 6= n
(2)
where rmn = |rm−rn| is the distance between two Shiba
lattice sites and xmn = xm − xn, ymn = ym − yn. Spin
states | ↑n〉 and | ↓n〉 denote the eigenstates of the local
magnetic moments, Sn · σ| ↑n / ↓n〉 = ±|Sn|| ↑n / ↓n〉,
and the onsite term ε0 stems from the decoupled impurity
3energy. The matrix elements depend on the functions
I±1 (r) = −
N±
N Re
[
J0(k
±
F r + ir/ξ) + iH0(k
±
F r + ir/ξ)
]
,
I±2 (r) =
N±
N Im
[
J0(k
±
F r + ir/ξ) + iH0(k
±
F r + ir/ξ)
]
,
I±3 (r) =
N±
N Im
[
iJ1(k
±
F r + ir/ξ) +H−1(k
±
F r + ir/ξ)
]
,
I±4 (r) =
N±
N Re
[
iJ1(k
±
F r + ir/ξ) +H−1(k
±
F r + ir/ξ)
]
,
where Jn and Hn are Bessel and Struve functions of or-
der n. The Rashba spin-orbit coupling induces two heli-
cal bands with respective density of states N± = N (1∓
λ/
√
1 + λ2) and Fermi wavenumber k±F = kF (
√
1 + λ2 ∓
λ), where kF is the Fermi wavenumber without the
spin-orbit coupling, λ = αR/(~vF ) is the dimensionless
Rashba coupling and vF the Fermi velocity in the absence
of the spin-orbit coupling. The Rashba coupling also
slightly modifies the superconducting coherence length
ξ = ~vF /∆×
√
1 + λ2.
For the rest of the article we are considering a ferro-
magnetic spin texture, Sn = Seˆz. Equation (2) then
simplifies to
hmn =

ε0 m = n
∆
2
[
I−1 (rmn) + I
+
1 (rmn)
]
m 6= n
∆mn =

0 m = n
∆
2
[
I−4 (rmn)− I+4 (rmn)
]xmn − iymn
rmn
m 6= n.
(3)
The Hamiltonian (1) with entries (3) defines an long-
range hopping model where the hopping amplitudes de-
cay as 1/
√
rmn at short distances and exponentially at
distances rmn > ξ.
B. Momentum space topology
In order to study the bulk properties we consider an
infinite lattice of magnetic moments and pass to momen-
tum space. For any Bravais lattice we can define the
following Fourier transforms
dx(k) = Re
∑
R
e−ik·R∆R,
dy(k) = −Im
∑
R
e−ik·R∆R,
dz(k) =
∑
R
e−ik·RhR,
where the sum is over all the lattice vectors R =
(xmn, ymn). The Hamiltonian can then be expressed
as H(k) = d(k) · σ with energies E(k) = ±|d(k)|.
The effective Hamiltonian H(k) generally defines gapped
band structures and satisfies particle-hole symmetry
CH(k)∗C−1 = −H(−k), where C = σxK and K denotes
complex conjugation. Thus the model belongs to the
Altland-Zirnbauer class D and its phases are classified
by Chern numbers.36 The Chern number is given by the
expression
C =
1
4pi
ˆ
BZ
d2k
d
|d|3 ·
(
∂d
∂k1
× ∂d
∂k2
)
. (4)
In a crystal lattice with a basis of two sites, as in the
case of a honeycomb lattice considered below, the mo-
mentum space Hamiltonian is a 4× 4-matrix,
H(k) =
(
Ha(k) Hab(k)
Hab(k)
† Hb(k)
)
,
given in the basis [aˆ(k), aˆ†(−k), bˆ(k), bˆ†(−k)]T where
aˆ(k) and bˆ(k) are the annihilation operators for the two
sublattices. The matrix elements are given by
Ha(k) = Hb(k) =
(
ha(k) ∆a(k)
∆a(k)
∗ −ha(k)
)
,
Hab(k) =
(
hab(k) ∆ab(k)
−∆ab(−k)∗ −hab(k)
)
in terms of the Fourier transforms
ha(k) =
∑
R
e−ik·RhR,
hab(k) =
∑
R
e−ik·(R−d)hR−d,
∆a(k) =
∑
R
e−ik·R∆R,
∆ab(k) =
∑
R
e−ik·(R−d)∆R−d
Here we sum over one sublattice and d is the vector sep-
arating the two basis sites. The subscript a refers to
hopping within the same sublattice and ab between the
two different sublattices. The Fourier components satisfy
the symmetries
ha(−k) = ha(k),
hab(−k) = hab(k)∗,
∆a(−k) = −∆a(k).
The symmetry of ∆a(k) shows that the effective low-
energy model describes an odd-pairing superconductiv-
ity. The same conclusion obviously holds for the two-
band models determined by the d(k) vector.
In the case of a 4× 4 Hamiltonian, the Chern number
can be expressed as
C =
1
2pii
ˆ
BZ
d2kTr
(
P−
[
∂k1P
−, ∂k2P
−]) (5)
4Figure 2. Phase diagrams for various ferromagnetic Shiba lattice geometries. The Chern number (upper panel) and the
corresponding energy gap (lower panel) in terms of kF a and the uncoupled Shiba state energies ε0. We have considered (a)
square, (b) triangular, and (c) honeycomb lattices. Different topological phases are classified by the Chern number and a
topological phase transition is always accompanied by an energy gap closing. In all figures the superconducting coherence
length ξ/a = 5 and the dimensionless Rashba coupling λ = 0.05.
in terms of the projector to the two filled bands P− =
P−1 + P
−
2 , where
P−1 =
(E1 −H)(E2 −H)(E−2 −H)
(E1 − E−1)(E2 − E−1)(E−2 − E−1) ,
P−2 =
(E1 −H)(E2 −H)(E−1 −H)
(E1 − E−2)(E2 − E−2)(E−1 − E−2) .
Here E−1 and E−2 are the energies of the two filled bands
and E1 and E2 the energies of the unoccupied bands. Nu-
merical evaluation of the four-band formula (5) requires
explicit knowledge of the energy bands Ei(k) of the 4×4
Hamiltonian which makes it more costly than two-band
expression (4).
III. TOPOLOGICAL PHASE DIAGRAMS
In this section, we will present the topological phase
diagrams and energy gaps of our model (3) as a function
of relevant system parameters in different lattice geome-
tries. The treatment is based on the evaluation of the
Chern number by employing Eqs. (4), (5) and diagonal-
ization of the system in momentum space. Discussion of
the detailed structure of the Chern mosaic is postponed
to the next section.
A. Different lattice geometries
Below we calculate topological phase diagrams for
square, triangular and honeycomb lattices. In Fig. 2 we
have plotted phase diagrams classified by different Chern
numbers as a function of the decoupled impurity energy
Figure 3. Phase diagram on a square lattice. The same quan-
tities and parameters as in Fig. 2 (a) except ξ/a = 30.
ε0 and parameter kFa that controls the hopping between
the Shiba sites. Here a denotes the lattice constant of
the magnetic lattice. In Fig. 2 we have chosen a rela-
tively large lattice spacing ξ/a = 5 which corresponds
to separation of a few tens of nanometers for typical su-
perconductors. A phase transition between phases with
different Chern numbers is always accompanied by the
closing of the energy gap, as revealed by the energy gap
diagrams showing the minimum of the positive energy
band mink E(k). Qualitatively, the phase diagrams cor-
responding to different lattice geometries depict similar
structures, mostly consisting of a topologically nontrivial
region with complicated fine structure. Considering that
the effective hopping radius ξ/a = 5 is much larger than
the lattice constant, the qualitative similarity between
5the different geometries is not so surprising.
In Fig. 3 we have depicted the same quantities but cho-
sen a smaller Shiba lattice constant, ξ/a = 30 than in Fig.
2. Comparing these two figures, we see that for a larger
ξ, the topological phase of the system is more sensitive
to kFa, and less sensitive to ε0. This can be qualita-
tively understood by the fact that a larger hopping radius
ξ/a = 30 will generally increase the hybrization energy as
more Shiba sites interact and the single-impurity energy
becomes less important. A larger hopping radius will also
lead to higher energy gaps. The observed dependence on
the lattice spacing is a generic feature of the system.
Figures 2 and 3 together illustrate that the different
lattice geometries generally lead to qualitatively similar
topological phase diagram with a rich variety of different
Chern number phases. Insensitivity to geometric details
is somewhat expected, considering that the typical hop-
ping radius in the model is much larger than the lattice
constant.
B. Role of the Rashba coupling
In Fig. 4 we show the phase diagram in terms of the
hybrization parameter kFa and the dimensionless SOC
strength λ for a fixed ratio ξ/a = 10. The Rashba cou-
pling is a necessary ingredient to realize non-trivial topo-
logical phases. In the absence of the Rashba coupling,
λ = 0, the gap function ∆mn in Eq. (3) vanishes, im-
plying that the system is either gapless or trivial. In
the adopted deep-impurity regime the system at λ = 0
is generically gapless. A nonzero Rashba coupling will
then typically drive the gapless system to a topologically
nontrivial state, as indicated in Fig. 4. It is remarkable
how a relatively weak Rashba splitting λ = 0.01 − 0.02
can translate to topological energy gaps of the order of
0.1∆ when the decoupled impurity energy ε0 lies near
the gap. The Rashba coupling also modifies the effective
coherence length but this correction depends on λ2 and
is insignificant in the realistic parameter regime λ < 0.1.
In Fig. 5 we plot the phase diagram for a ratio ξ/a =
30. For a larger ξ (alternatively smaller a), the effec-
tive hopping radius increases and the increased number
of efficiently coupled Shiba states leads to larger exci-
tation gaps. In Fig. 5 we can see that it is possible to
have large topological gaps ∼ 0.2∆ for small values of
the Rashba coupling λ = 0.001− 0.005. When the onsite
Shiba energy ε0 moves away from the centre, the gaps
generally diminish, but it is still striking how weak the
Rashba splitting can be and still lead to robust topolog-
ical states if the Shiba energy lies in the vicinity of the
gap center.
IV. PROPERTIES OF THE CHERN MOSAIC
The physical properties of the model (3) are well-
hidden in the complicated analytical structure of the
long-range hopping amplitudes that are rapidly oscillat-
ing as a function of distance. The emergence of the Chern
mosaic is not easily unravelled from the analytical expres-
sions, and we therefore resorted to numerical evaluation
of the topological phase diagram. In this section we will
extract more detailed information concerning the phase
diagram.
A. Abundance of different phases
As discussed in the previous section, the phase dia-
gram has a complicated pattern of phase transition lines.
The Chern mosaic can be understood as a consequence
of the long-range hopping nature of the subgap states.
In the two-band case Eq. (4) implies a simple interpreta-
tion of Chern numbers as the number of times the vec-
tor dˆ(k) = d/|d| covers the unit sphere as k takes val-
ues in a Brillouin zone. In a square lattice, a hopping
between the nth neighbours in x and y direction gives
rise to terms proportional to cos(nkx/ya) in dz(k), and
sin(nkx/ya) in dx/y(k), that oscillate more rapidly with
increasing n. Thus, the number of times dˆ may cover
the unit sphere will generally increase with hopping dis-
tance n. The asymptotic forms for the Bessel and Struve
function indicate that the nth hopping terms scale as
[|∆|/(kFa)1/2](e−an/ξ/n1/2) for large n, so the decay is
very slow for the hopping range n < ξ/a. On top of
the smooth envelope, the nth hopping terms are propor-
tional to sinnk±F a or cosnk
±
F a. These oscillations cause
the phase diagrams to vary rapidly as a function of kFa.
The Chern mosaic structure thus emerges from the ef-
fective competition of at least O(ξ/a) different hopping
terms.
In Fig. 6 we have plotted the relative areas of differ-
ent phases for two different phase diagrams presented in
Figs. 2 and 4. For a finite kFa window the center of the
histogram does not coincide with C = 0. The width of
the fitted Gaussian serving as a guide to the eye indicates
that the width of the distribution is O(ξ/a) as expected
on theoretical grounds.
B. Energy gap vs. Chern numbers
From the results presented above we have seen that
the energy gaps protecting the topologically nontrivial
phases in various circumstances can be of the order 0.1∆
corresponding to a temperature 1K. It is interesting to
see how the size of energy gaps depends on the mag-
nitude of the Chern number. Due to the complicated
form of the long-range hopping model, this question is
difficult to address analytically. On theoretical grounds
we expect the gaps to decrease as function of the Chern
number. This is because increasing hopping radius gener-
ates higher Chern numbers, but the hopping amplitudes
themselves are suppressed as e−
an
ξ /
√
n for the nth neigh-
bours.
6Figure 4. The Chern number (upper panel) and the corresponding energy gap (lower panel) in terms of kF a and the dimen-
sionless SOC strength λ. The columns correspond to (a) square and (b) triangular lattices. In all figures the superconducting
coherence length is ξ/a = 10 and the uncoupled Shiba state energy ε0 = 0.1∆.
Figure 5. Same as Fig. 4 except ξ/a = 30.
In Fig. 7 (a) we plot the maximum energy gaps as
a function of the magnitude of the Chern number on a
square lattice corresponding to fraction ξ/a = 5. The
data has been collected from a fixed kFa, ε0 parameter
window. The exponential fitting, motivated by the ex-
ponential suppression of the hopping and included for
a guide to the eye, captures the decreasing gap trend
reasonably well. In Fig. 7 (b) we plot the gap as a func-
tion of the Chern number for a larger coherence length
ξ/a = 30. As expected, the decreasing trend is now sig-
nificantly slower.
Since the occurrence of large Chern numbers  ξ/a
is suppressed, the conclusions regarding their properties
are limited. While the illustrated results correspond to
snapshots from a specific parameter window, the expo-
nential suppression of the gaps as a function of the Chern
number seems reasonable description.
7Figure 6. Relative areas of different phases calculated from
the phase diagrams in Figs. 2 (a) (left) and 4 (a) (right). We
have discarded those Chern numbers which are not exactly
quantized to integers due to numerical inaccuracy near the
phase boundaries. We have included sample points with a
Chern number C satisfying |C − q| < 0.1 for an integer q.
Figure 7. The dependence of the energy gap on the Chern
number C. We plot the maximum gap found for each |C| for
(a) ξ/a = 5, λ = 0.05 and (b) ξ/a = 30, λ = 0.02. We have
sampled the system over a parameter window kF a/pi = 4 . . . 8,
ε0/∆ = −0.3 . . . 0.3.
V. DISCUSSION AND OUTLOOK
In this work we have studied exotic chiral supercon-
ductivity in superconducting films with a Rashba spin-
orbit coupling decorated by lattices of magnetic adatoms.
The rich topological properties and high Chern num-
bers emerge generically in different lattice geometries
when the magnetic moments are ferromagnetically or-
dered. The magnetic ordering is consequence of vari-
ous different mechanisms in real systems and is difficult
to predict theoretically. The electron-mediated indirect
RKKY coupling and spin-orbit coupling will generally
favor spiral magnetic order.27,29–31 Perpendicular ferro-
magnetic alignment is favored by crystal field anisotropy
on the surface20 and could possibly be affected by mod-
erate external magnetic fields that do not destroy su-
perconductivity. In the case where magnetic moments
form ferromagnetic domains with opposite magnetization
perpendicular to the surface, the different domains sup-
port antichiral superconductivity. When magnetization
is inverted, the factor xmn − iymn in Eq. (3) changes to
xmn + iymn and the Chern number changes its sign as
required by time-reversal transformation. Thus, differ-
ent ferromagnetic domains are separated by gapless edge
Figure 8. Logarithm of local density of states ρ (arb. units)
at E = 0 (averaged in the window E/∆ ∈ [−0.01, 0.01]) as
a function of distance from one edge on a finite strip of 300
lattice sites. LDOS arises from the chiral edge states propa-
gating along the edge. The red curve corresponds to a C = −9
state with parameters ξ/a = 5, kF a/pi = 9.83, ε0 = 0.18∆,
λ = 0.05 and the blue curve represents a C = 3 state with
parameters ξ/a = 10, kF a/pi = 4.9, ε0 = −0.22∆, λ = 0.05.
states.
As discussed in Ref. 33, signatures of the edge states
can be accessed through STM measurements by probing
the local density of states (LDOS) at subgap energies.
All states below the bulk energy gap must arise from the
edge states. As shown in Ref. 33, these states show up
as enhanced LDOS near the edge of magnetic lattice. In
Fig. 8 we have plotted the spatial decay of the midgap
LDOS for states with Chern numbers C = −9 and C = 3
with energy gaps E = 0.07∆ and E = 0.05∆. Both
states show signatures of exponential decay with some
modifications. Pure exponential decay is not expected
in the studied long-range hopping model, as discussed in
the treatment of 1d version and Majorana bound states
in Ref. 25. While an analytical expression for the pene-
tration depth is not known, Fig. 8 implies that the states
are reasonably rapidly decaying into the bulk.
As a physical realization one could consider for exam-
ple Pb or Nb surfaces while possible magnetic adatoms
include Fe, Co, Cr and Mn. In a recent experiment37,
Shiba states were observed in the vicinity of Fe impurities
on 2H-NbSe2, a layered transition metal dichalcogenide
that becomes an anisotropic s-wave superconductor be-
low 7.2 K. This experimental observation demonstrates
how quasi-2d surface superconductivity supports long-
range Shiba wavefunctions. In a quasi-2d geometry as
assumed in our work, theory predicts a slow 1/
√
r decay
of Shiba states before the onset of the exponential decay
at r ∼ ξ, in contrast to the 1/r decay in a 3d bulk. Exper-
iments in Ref. 37 showed that spatial disturbances due
to the Shiba states can extend tens of nanometers away
from the impurity, which is an order of magnitude longer
than previous observations. Since complex topological
properties arise precisely from the long-range nature of
the Shiba states, the recent experimental observation is
very interesting in this context.
Artificial lattices of the order of a few hundred atoms
8could be constructed by STM methods but self-assembly
techniques would probably be required for larger systems.
The size of the system which displays clear signatures of
the topological edge states depends on the system param-
eters, but a few hundred atoms should prove sufficient.33
The Rashba spin-orbit coupling is a crucial ingredient in
achieving chiral superconductivity with a ferromagnetic
texture. As we have seen above, a Rashba splitting of the
order of |k+F −k−F |/kF ∼ 0.01 may already lead to energy
gaps of the order of 0.1∆ under favorable circumstances.
Therefore, the magnitude of the required Rashba cou-
pling could be obtained, for example, in Pb films.39
In this work we considered ferromagnetic textures
which, together with the Rashba coupling in the bulk
electrons, were responsible for the nontrivial topological
superconductivity. However, this is not the sole route
to nontrivial phases. As in 1d chains, it is possible to
achieve a topologically nontrivial superconductor in 2d
lattices with helical ordering. In that case, the Rashba
coupling is not necessary. This type of system was an-
alyzed in Ref. 34 within a simplified nearest neighbour
toy model that ignores the microscopic structure of Shiba
states. Helical textures could also be studied within the
theoretical framework of Eq. (1) by specifying a helical
texture in Eq. (2). Thus the formalism employed in our
work may be applied to future work in this direction.
Phases with high Chern numbers and rich topological
properties in the studied system arise from the adatom
patterning on a trivial superconductor. A conceptu-
ally similar approach could be applied to other gapped
and non-superconducting systems where impurities hy-
bridize and form subgap bands.38 These bands can sup-
port high topological numbers and provide a route to
engineer topologically nontrivial states different from the
parent state in the absence of adatoms. If successful, this
program could pave the way toward increasingly complex
man-made topological phases.
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